We present a general method for computing Hodge numbers for Calabi-Yau manifolds realised as discrete quotients of complete intersections in products of projective spaces. The method relies on the computation of equivariant cohomologies and is illustrated for several explicit examples. In this way, we compute the Hodge numbers for all discrete quotients obtained in Braun's classification [1] .
Introduction
Complete intersection Calabi-Yau manifolds in products of projective spaces (or CICY manifolds, for short) were first constructed by Yau in Ref. [2] and then Hübsch and Green and Hübsch in Refs. [3, 4] . Ever since then, they have provided a fruitful arena for studying string compactifications. The construction was employed in Refs. [5, 6] in order to compile an exhaustive list of complete intersection Calabi-Yau three-folds and in Refs. [7, 8] for the case of four-folds. The CICY construction was recently generalised in Ref. [9] to include manifolds defined using local sections of mixed degree line bundles over products of projective spaces.
Over the years, CICY manifolds have been employed in various string compactifications, including compactifications of the heterotic string (see, for example, Refs. for some recent developments). For model building purposes, particularly in the context of heterotic theory, the existence of freely acting discrete symmetry groups on CICY manifolds plays a crucial role. Dividing the original CICY by a freely-acting symmetry produces a non-simply connected Calabi-Yau manifold, which in turn can be decorated with discrete Wilson lines that break the intermediate GUT group to the Standard Model group. The possibility of constructing realistic models from the E 8 × E 8 heterotic string without an intermediate GUT phase, originally studied in [40] [41] [42] , has been recently investigated in [33] , showing that there is a tension between directly breaking E 8 to the Standard Model group and obtaining a particle spectrum free from exotics. This suggests that non-simply connected Calabi-Yau manifolds are indeed a crucial ingredient for realistic model building in the context of the heterotic string. More generally, finding the Hodge numbers for quotient Calabi-Yau manifolds is an important task for string model building. This information has already been used in the large scale searches [26] [27] [28] [29] for heterotic vacua with a realistic particle physics spectrum. The Hodge numbers are also important to determine the size of the Kähler and complex structure moduli space and, therefore, enter the discussion of moduli stabilization [17, 18, 20, [22] [23] [24] .
A systematic study of discrete symmetry groups, G, on CICY manifolds X was initiated by Candelas and Davies in Ref. [43] , and completed by Braun in Ref. [1] , who classified, through an automated scan, all finite group actions that descend from linear automorphisms of the ambient space, given by a product of projective spaces, to free actions on the CICY manifold. Clearly, Braun's classification depends on the particular embedding of the Calabi-Yau manifold into the ambient space, as constructed in Ref. [5] . Since this embedding is not unique, it is expected that other discrete symmetries can be found by considering different embeddings of the same manifolds. Be that as it may, Braun's classification reveals that 195 out of the 7890 manifolds in the CICY list admit freely acting discrete symmetry groups. Many of these 195 CICY manifolds admit multiple freely-acting discrete symmetries for a total of 1695 symmetries on these manifolds.
The enterprise of systematically computing Hodge numbers for CICY quotients X/G has been undertaken in Refs. [43] [44] [45] and summarised in Ref. [46] , using methods such as the counting of parameters in the defining polynomials, the counting of Kähler classes for favourable embeddings (including favourable embeddings in products of spaces containing factors of del Pezzo surfaces). Though fruitful in many cases, the above methods were not applicable to a significant number of quotients (∼ 300 quotients, mostly Z 2 -quotients, on ∼ 70 manifolds were left out). The purpose of the present note is to establish a generic algorithm, relying on the computation of equivariant cohomologies, which can be applied in an exhaustive manner to the computation of Hodge numbers for all CICY quotients. Thus we aim to complete this task for the manifolds that were missed in Refs. [43] [44] [45] and at the same time provide an independent check of the previous results. It is remarkable that our results agree with those found in the above references, in all 1426 cases that we could compare. In the implementation of the algorithm described below we have made use of the CICY package [47] , especially for the computation of (equivariant) line bundle cohomologies.
In the next section, we begin by explaining how the cohomology H 2,1 (X) can be computed using the normal bundle sequence and the Euler sequence. Further, we show how this computation can be carried over to the quotient manifold X/G by writing down the equivariant structures of the various bundles involved. In Section 3 we illustrate this method for several explicit examples. We conclude in Section 4 by providing the updated Hodge number plot in Figure 1 . The detailed results of our computation are given in Appendix A, where we have tabulated the Hodge numbers of all CICY quotients.
General method
In this section, we explain the general method to compute Hodge numbers of CICY quotients. We being with a general set-up of CICY manifolds X and first review how to compute the "upstairs" cohomology H 2,1 (X) of these manifolds. Then we introduce freely-acting discrete symmetries G and consider the quotient X = X/G. The "downstairs" cohomology H 2,1 (X) of this quotient is given by the G-invariant part of the upstairs cohomology H 2,1 (X) and we explain in detail how to calculate this G-invariant part. In this way,
we can obtain the Hodge number h 2,1 (X) of the quotient. Since the Euler number of the quotient is easily obtained from its upstairs counterpart by dividing by the group order |G|, this fixes h 1,1 (X) as well.
CICY manifolds and upstairs cohomology
The CICY manifolds are embedded in ambient spaces of the form A = P n1 ×. . .× P nm , consisting of m projective factors with dimensions n r , where r = 1, . . . , m. The homogeneous ambient space coordinates for each P nr factor are denoted by x r = (x 0 r , . . . , x nr r ) and, collectively for all of A, by x = (x 1 , . . . , x m ). The CICY three-folds X ⊂ A are defined as the common zero locus of K polynomials, p a , where a = 1, . . . , K, each with multi-degree q a = (q 1 a , . . . , q m a ). This means that the polynomial p a has degree q r a in the homogeneous coordinates x r of the r th projective factor of the ambient space. This information is frequently summarised by writing down the configuration matrix
where the Hodge numbers h 1,1 (X), h 2,1 (X) are attached as a superscript and the Euler number η(X) as a subscript. In order for this data to define a Calabi-Yau three-fold we require that
The first of these equations ensures that the manifold X is indeed complex three-dimensional, while the second equation is equivalent to the Calabi-Yau condition, c 1 (X) = 0. Further, we will assume that X is not a direct product manifold, since the structure of Hodge numbers is more complicated in this case. This means that the configuration matrix (2.1) cannot be brought into a block-diagonal form by any combination of a row and column permutations.
We would now like to construct the tangent bundle, T X of the manifold X by combining the Euler sequence for the tangent bundle T A of the ambient space with the normal bundle sequence. To this end, we need to introduce line bundles on A and X. For a single projective space P n , we use the standard notation O P n (k) for the k th tensor power of the hyperplane bundle. Line bundles on the full ambient space A are given by
, and their restrictions to the CICY manifolds
To a configuration matrix (2.1) we can associate the following sum of line bundles
whose sections are the defining polynomials p = (p 1 , . . . , p K ). Its restriction N = N | X is the normal bundle of X and the associated normal bundle sequence
gives the tangent bundle T X of X in terms of the normal bundle and the tangent bundle T A of the ambient space. This short exact sequence induces a long exact sequence in cohomology which (using that H 3,1 (X) = H 0,1 (X) = 0 for Calabi-Yau three-folds which are not direct products) is explicitly given by
This implies for the cohomology H 2,1 (X) that
Since N is a sum of line bundles, its cohomology can be relatively easily computed from line bundle cohomology on A, using the Koszul spectral sequence, as we will discuss below. The tangent bundle T A can be obtained from the Euler sequence
where e r are the standard unit vectors in m dimensions. Since the normal bundle sequence (2.4) actually involves T A| X we require the restriction of the Euler sequence to X which reads
The associated long exact sequence in cohomology,
leads to the identifications
where we have used the fact that
and H 2 (X, O X ) are trivial. Combining Eq. (2.6) with these identification leads to
It turns out that the kernel in the above equation vanishes for many cases of interest. In particular, this is true for all entries in the standard CICY list [5, 6] with freely-acting symmetries. Under this assumption, the expression for H 2,1 (X) simplifies to 13) and the upstairs Hodge number can be obtained from
While the upstairs Hodge numbers for CICYs are well-known, a computation along the above lines provides a basic check of our method. The upstairs Euler number, η(X), can be computed by elementary methods from the data in the configuration matrix (2.1), as explained in Ref. [48] . The other non-trivial Hodge number h 1,1 (X) can then be obtained from the standard formula
The computation of H 2,1 (X) outlined above requires the computation of line bundle cohomology on X, specifically for the line bundle sums N and S. This is accomplished by means of the Koszul sequence which relates cohomology on X to cohomology on the ambient space A. In general, for any line bundle L on A and its restriction L = L| X the Koszul sequence reads 16) where the map p 0 = p is given by the defining polynomials of the CICY X and the higher maps p 1 , . . . , p K−1 are the corresponding induced maps on the anti-symmetric powers of N * . Using spectral sequence techniques (see, for example, Refs. [49, 50] for an accessible account) this sequence can be used to express the cohomology of L in terms of cohomologies of ambient space line bundle sums ∧ k N * ⊗ L. Together with standard results for line bundle cohomology on projective spaces [51] this allows for an explicit computation of line bundle cohomology on X in terms of ambient space line bundle cohomology. From the two sequences (2.4) and (2.8) the relevant line bundle sums on the ambient space are
All cohomology groups required for the calculation of H 2,1 (X) from Eq. (2.12) can be expressed in terms of ambient space cohomology of the above three line bundle sums and their tensor powers, by means of the Koszul sequence. In particular, we always have
For the other two required cohomologies, H 0 (X, N ) and H 0 (X, S), the correspondence has to be worked out case by case and we will do this explicitly for the examples in the next section. This concludes the discussion of the upstairs manifold.
The quotient manifold and its Hodge numbers
Next, we assume that X has a freely-acting discrete symmetry, G, of order |G| and we define the quotient manifoldX = X/G. Our goal is to compute the Hodge numbers h 1,1 (X) and h 2,1 (X) of this quotient.
Divisibility of the Euler number means that
so it is sufficient to compute only one of the downstairs Hodge numbers. Starting with the discussion in the previous sub-section, we will set up an algorithm to compute h 2,1 (X). In general, the downstairs cohomology
is given by the G-invariant part of the upstairs cohomology H 2,1 (X), so
Hence, we should work out the equivariant structures on all bundles involved and determine the G representation content of H 2,1 (X) (for similar work chasing equivariant structures through sequences defining bundles see [26] ). As we will see, there are three representations of the group G which enter this discussion. The first of these is the (projective/permutation) representation on the homogeneous coordinates of the ambient space, denoted by
Further, we have a representation
which describes the symmetry action on the defining polynomials or, equivalently, an equivariant structure on the bundle N . The idea is that the CICY X is invariant under the combined action of γ and ρ and these are precisely the representations which are provided by Braun's classification in Ref. [1] . The third required representation of G is the permutation representation
which captures the part of the γ-action on the homogeneous ambient space coordinates which permutes projective spaces of the same dimension. The representations π can be easily obtained from the representations γ, as provided in the classification of Ref. [1] , by extracting the part of γ which permutes entire projective spaces, discarding any non-trivial action on coordinates within each projective space.
In order to work out the G-invariant part of H 2,1 (X) we require the G-representation content of the various cohomologies which appear in the formula (2.13). As we have discussed, these cohomologies can, in turn, be expressed in terms of ambient space cohomologies of the three bundles (2.17) and their tensor powers. The conclusion from this discussion is that the G-representation content of all relevant cohomologies is determined once we fix equivariant structures on the three line bundle sums (2.17) which constitute our basic building blocks. Since these three bundles are globally generated an equivariant structure can be specified by a G-action on their sections and this turns out to be a convenient way to proceed. The sections can be written as homogeneous polynomials of appropriate degrees in the ambient space coordinates x and they are explicitly given by
where l r = (l r,0 , . . . , l r,nr ) are n r + 1-dimensional vectors of polynomials linear in x r and C[x] k denotes the multi-degree k part of the ambient space coordinate ring C [x] . A consistent choice of G-actions on these sections which leads to the required equivariant structure on N and T A is given by
We would like to show that this is indeed the correct choice. First, the action of γ(g) −1 on the argument x is the standard way by which G acts on sections. The overall multiplicative action of G, on the other hand, corresponds to a choice of equivariant structure and needs to be justified. For the bundle N the overall action by ρ is evidently correct, since ρ provides an equivariant structure on N .
To discuss the other two bundles we should first introduce the global vector fields
on A where the l r are (n r + 1)-dimensional vectors of linear polynomials in x r , as before, and the square bracket indicates equivalence classes taken with respect to the subset spanned by x r · ∂ ∂xr for r = 1, . . . , m. We should now look at the Euler sequence (2.7). The maps f 1 and f 2 in this sequence induce the following maps
on the sections. Evidently, given the equivalence class taken on the RHS of the second equation, we have f 2 • f 1 = 0, as should be the case for a complex. We can also verify that
where R Γ(T A) (g) is the obvious action of G on the vector fields. This means that the chosen representations intertwine the maps in the Euler sequence for the canonical G-action on the vector fields and, therefore, represent the correct choice. Note in particular, that the non-trivial choice of π acting on the sections of O ⊕m A is required and that the trivial representation R Γ(O ⊕m A ) = id would not satisfy the intertwining conditions. From these equivariant structures and the Koszul sequence, we can work out the G-representation content of all relevant cohomologies and obtain the characters 
In general, for a character χ, the number of singlets, ν, can be computed from the formula
, and ν H 0 (X,S) the number of G-singlets in the three relevant cohomologies. In practice, these numbers are most easily obtained by demanding invariance under the transformations (2.25) 32) provided the kernel in Eq. (2.12) vanishes. Eq. (2.32) is our key result for the computation of the downstairs Hodge number h 2,1 (X). Given that the index divides, so η(X) = η(X)/|G|, the other downstairs Hodge number is easily obtained from
Summary of algorithm
We would now briefly like to summarise our algorithm before we discuss a number of explicit applications in the next section.
• Set-up: Define the ambient space and the CICY by providing the configuration matrix (2.1) and write down the bundles O • Upstairs Hodge number: As a basic check, compute the upstairs Hodge number h 2,1 (X) from Eq. (2.14).
• Symmetry: Define the action of the freely-acting symmetry G by providing the representations γ in Eq. (2.21) and ρ in Eq. (2.22). Also compute the permutation representation π in Eq. (2.23).
• Singlets: Compute, in turn, the number of G-singlets in H 0 (X, O ⊕m X ), H 0 (X, S) and H 0 (X, N ).
• Downstairs Hodge numbers: Compute h 2,1 (X) from Eq. (2.32) and h 1,1 (X) from Eq. (2.33).
Explicit examples
In this section, we will explicitly illustrate the above algorithm by computing the downstairs Hodge numbers for a number of CICYs. The CICY data is taken from the standard list [5, 6] and the freely acting symmetries are taken from Braun's classification in Ref. [1] . The relevant CICY data required for this paper is available at the website [52] . This includes the configuration matrices for the relevant CICYs, their identifying number which gives their position in the original list of Ref. [5, 6] , the upstairs Hodge numbers h 1,1 (X), h 2,1 (X) and a list of symmetries, each specified by the matrices γ(g), ρ(g) (see Eqs. (2.21), (2.22)). If a CICY has more than one symmetry we will refer to a specific symmetry by its position in this list.
Example 1: A Z 4 symmetry on the tetra-quadric
Set-up: We consider the tetra-quadric CICY with number 7862, defined as the zero locus of a multi-degree q = (2, 2, 2, 2) polynomial p in the ambient space
and the three relevant ambient space line bundle sums are
Cohomologies: For the bundles S and N , the long exact sequences associated to their Koszul sequences are given by
where we have omitted the zeros to the left and right of these sequences. This shows that
Further, since all higher cohomologies of N and S are zero, the kernel in Eq. (2.12) vanishes.
Upstairs Hodge number: From the previous results we conclude that h 0 (X, S) = 16 and h 0 (X, N ) = 80 which implies for the upstairs Hodge number
in line with expectations.
Symmetry:
We would like to consider the second freely-acting symmetry of the tetra-quadric which corresponds to the group G = Z 4 with generator g. It is defined by the representations
The associated permutation representation π acts on the four P 1 factors as
Singlets: a) First, we compute the number of singlets in
T and π(g) as given in Eq. (3.7). Clearly, the solution space is two-dimensional so that splits into two 4 × 4 blocks with the same structure. It is, therefore, sufficient to calculate for one of these blocks. From Eq. (2.25), the action of the representation R Γ(S) (for one of the blocks) is
For a singlet, the RHS needs to equal the argument on the LHS which implies c 0 = d 0 ,c 1 =d 1 and the vanishing of all other coefficients. This means we have two singlets in each 4 × 4 block, for a total of
c) Finally, we require the number of G-singlets in H 0 (X, N ) which is simply given by the number of Ginvariant tetra-quadric minus one (corresponding to the defining polynomial which has to be taken off due to the quotient in
). The number of G-invariant tetra-quadrics is 21, hence, ν H 0 (X,N ) = 20 . These results agree with the ones obtained in Refs. [43, 45] .
Example 2: A co-dimension two CICY with a Z 2 symmetry
Set-up: This co-dimension two CICY carries the number 2565 and has only a single freely-acting symmetry with group G = Z 2 . The Hodge numbers for this quotient have not been computed before. The manifold is defined in the ambient space A = P 1 × P 1 × P 1 × P 2 with configuration matrix
14)
The relevant ambient space bundles are O
⊕4
A and
Cohomologies: The Koszul sequence for S = S| X shows that
so that h 0 (X, S) = 21 . 
where
Hence, we have
Further, it turns out that h 1 (X, S) = 3 and h 1 (X, N ) = 9. Even though both of these cohomologies are non-trivial it can be checked that the map between them is injective and, hence, that the kernel in Eq. (2.12) vanishes.
Upstairs Hodge number:
Combining the above results, we find for the upstairs Hodge number
Symmetry:
The relevant representations of the symmetry group G = Z 2 with generator g are
Singlets: a) Since the π-action is trivial it is immediately clear that 
28)
with a total of h 0 (X, S) = 21 arbitrary coefficients. Applying to this vector the constraint l(
we learn that the number of invariants is ν H 0 (X,S) = 11 . 
Finding the invariants by a straightforward application of the last Eq. (2.25) leads to 34) and, hence, defined by the configuration matrix
Reading off from the columns of this matrix, the bundle N is explicitly given by
The other two relevant ambient space bundles are
Cohomologies: The Koszul sequence for N can be broken up into the three short exact sequences where K 1 and K 2 are suitable co-kernels. Combining the information from these sequences we learn that
(3.42)
The situation is much simpler for S whose only non-zero cohomology is
Since H 1 (X, S) = 0 the kernel in Eq. (2.12) vanishes.
Upstairs Hodge number:
From the above cohomologies, we have
which is the correct result.
Symmetry:
We consider the symmetry with number 25 which corresponds to the group G = Z 2 × Z 2 . The relevant representation matrices of the generators g 1 and g 2 are b) Next, we need to find the G-singlets in H 0 (X, S) ∼ = H 0 (A, S). We can split up this problem by first considering the first and last two P 1 factors which are not permuted under π. Each of these four factors is similar so we can focus on the first with coordinates u 0 , u 1 . Using the action defined in Eq. (2.25), invariance under g 1 in the first factor implies the constraint
on the two linears involved. It follows that b = 0 andã = 0. Acting with the constraint from g 2 on the remaining degrees of freedom gives
which leads to a =b and, hence, one invariant. This makes for a total of four invariants from the four P 1 factors invariant under π. For the remaining third and fourth P 1 with coordinates w 0 , w 1 , x 0 x 1 the invariant
leading to b =ã = d =c = 0. For the remaining vector, the constraint from g 2 takes the form
which implies a = c andb =d, leaving us with two invariants. Altogether, this means Starting with H 1 (A, O A (−2,0,0,0,1,1)) we can represent this cohomology as
Within this four-dimensional space, there is precisely one G-singlet given by
Here, we have taken into account the anti-symmetric nature of the pre-factor 1/(u 0 u 1 ) which makes it odd under both g 1 and g 2 and the negative sign for g 2 from the equivariant structure ρ in Eq. (2.22), given that the line bundle in question is a tensor product which contains N 2 . This means that ν H 1 (A,O A (−2,0,0,0,1,1)) = 1. The next contribution, H 1 (A, O A (0,−2,1,1,0,0)), can be represented as
This contains two G-invariants, namely
The final contribution in Eq. (3.42) to be considered is
This representative is not G-invariant and, hence, there is no contribution from this part. Altogether, we have
Downstairs Hodge numbers: Combining the above results, we finally find for the downstairs Hodge numbers
(3.59)
which agrees with the results in Ref. [45] .
Example 4: A co-dimension three CICY with a Z 4 symmetry
Set-up: This example is for the CICY with number 2568, the same as in Example 3. The basic set-up and the computation of cohomologies is identical to Example 3.
Symmetry:
We consider the 8 th symmetry of this manifold, a G = Z 4 symmetry with generator g and associated representations Representing this by a three-dimensional vector v, containing polynomials of degrees as given by the configuration matrix and imposing
Elements of H 0 (N * ⊗N ) can be represented by diagonal matrices M = diag(a, b, c) and imposing ρ(g)
Denoting the projective ambient space coordinates by
can be represented by two-dimensional vectors of the form
Under the induced action of ρ the two entries of this vector are exchanged (since ρ exchanges N 1 with N 3 while leaving N 2 invariant). Performing this transformation, together with the action of γ(g) −1 on the coordinates and demanding invariance as usual leads to
The final piece is
This is odd under the action of g and, hence, ν H 2 (∧ 2 N * ⊗N ) = 0. Combining all this we finally find 
Cohomologies: Chasing through the Koszul sequence for S = S| X it follows that 
Altogether we have h 0 (X, S) = 4 × 4 + 16 + 4 × 4 = 48. Carrying out a similar discussion starting from the Koszul sequence for N = N | X we find
12 terms, each 3 dim. as expected.
We consider the symmetry with number 117 on this manifold, with group G = Z 2 × Z 8 , Z 2 generator g 1 and Z 8 generator g 2 . The action on the homogenous ambient space coordinate is given by T immediately shows that there are two singlets so 
The other relevant cohomology, H 1 (N * ⊗ S), is represented by a vector
where ((x 0 , x 1 ), (y 0 , y 1 ), (z 0 , z 1 ), (t 0 , t 1 ), (u 0 , u 1 , u 2 , u 3 )) are the projective ambient space coordinates and a i are arbitrary constants. Imposing ρ(g)
Combining these results we find that 
The cohomology H 0 (N * ⊗ N ) can be represented by a diagonal matrix M = diag(a 1 , a 2 , a 3 , a 4 ) and imposing
Finally, H 1 (N * ⊗ N ) can be represented by a polynomial 4 × 4 matrix M (x) which has zero diagonal entries and 12 general polynomials of the appropriate degree, as in Eq. (3.82), in the off-diagonal entries. Imposing
Combining these three results we have
Downstairs Hodge numbers: For the Hodge numbers these results imply
Conclusion
The present work concludes and completes the series of papers [43] [44] [45] Coloured points correspond to CICY quotients together their mirrors; the red points correspond to quotients studied only in the present paper. Monochrome points indicate quotients whose Hodge numbers fall onto sites previously unoccupied, while the multicoloured points correspond to multiply occupied sites.
The detailed results of our computation, that is, the Hodge numbers for all smooth CICY quotients, can be found in the Appendix. These numbers are important for string model building on CICY quotients, particularly in the context of the heterotic compactifications. At the same time, CICY quotients provide examples of manifolds with small Hodge numbers -such examples are rare in the space of known Calabi-Yau manifolds. To our knowledge, the present method for computing Hodge numbers of CICY quotients based on equivariant cohomology has not been systematically applied before. The methods for computing equivariant cohomology developed in this context will be crucial for the analysis of the large dataset of heterotic models in Ref. [29] .
A Table of Hodge numbers
In this appendix we cover all CICYs which appear in the original list [5, 6] and which have freely-acting symmetries according to the classification by Braun in Ref. [1] . The Hodge numbers of all resulting quotients are listed in the table below. We have marked in red the Hodge numbers which have not been computed elsewhere, to our knowledge. For convenience, the underlying data can be obtained from the website [52] . This data also contains the explicit CICY configuration matrices and the representations γ, ρ of the freelyacting symmetries which have not been included in the table below in order to keep the size manageable. Instead, the table refers to the relevant CICYs and their symmetries by identifier numbers (in the first and fourth column, respectively), which directly refer to the data at [52] . Further, the second column lists the upstairs Hodge numbers, the third column the symmetry group G and the last column the downstairs Hodge numbers.
CICY #
(h 1,1 (X), h 2,1 (X)) G Symm # (h 1,1 (X/G), h 2,1 (X/G)) 
